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p ; Abstract: We discuss a D-dimensional Abelian 3-form gauge theory within 

the framework of Bonora-Tonin's superfield formalism and derive the off-shell 
nilpotent and absolutely anticommuting Becchi-Rouet-Stora-Tyutin (BRST) 
and anti-BRST symmetry transformations for this theory. To pay our homage 
to Victor I. Ogievetsky (1928-1996), who was one of the inventors of Abelian 
2-form (antisymmetric tensor) gauge field, we go a step further and discuss 
the above D-dimensional Abelian 3-form gauge theory within the framework 
of BRST formalism and establish that the existence of the (anti-)BRST in- 
variant Curci- Ferrari (CF) type of restrictions is the hallmark of any arbitrary 
p-form gauge theory (discussed within the framework of BRST formalism). 
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1 Introduction 



In recent years, the study of higher p-form (p = 2,3,4,...) gauge theories 
has become quite fashionable because of its relevance in the context of (su- 
per)string theories and related extended objects (see, e.g. [1,2]). It is worth- 
while to mention, in this context, that Ogievetsky and Polubarinov [3,4] were 
the first to study the 2-form antisymmetric tensor gauge field (way back in 
1966-67). Our presentation is a tribute to V. I. Ogievetsky (1928-96) be- 
cause we go a step further in the direction of the study of higher p-form 
(p > 2) gauge theories and discuss the Abelian 3-form gauge theory in arbi- 
trary D-dimensions of spacetime within the framework of superfield approach 
to Becchi-Rouet-Stora-Tyutin (BRST) formalism, proposed in [5,6]. 

We derive the proper (i.e. off-shell nilpotent and absolutely anticommut- 
ing) (anti-)BRST symmetry transformations for the above 3-form [A^ = 
(l/3!)(<ir M A dx v A dx^A^] totally antisymmetric tensor gauge field 
which appears in the quantum excitations of the (super) strings. Further- 
more, we obtain the proper (anti-)BRST transformations associated with 
the (anti-)ghost fields of the theory. Our main goal is to establish that the 
existence of the Curci-Ferrari (CF) type restrictions [7] is the hallmark of 
any arbitrary p-form (p = 1, 2, 3, ...) gauge theory when it is discussed within 
the framework of superfield approach to BRST formalism. In fact, we show 
that the derivation of the CF-type condition(s) is a very natural consequence 
of the application of the superfield approach [5,6] to BRST formalism. 

Our present write-up is organized as follows. In Sec. 2, we recapitulate 
the bare essentials of the horizontality condition and apply it to the Abelian 
3-form gauge theory. In the next section, we derive the proper (anti-)BRST 
symmetry transformations and corresponding coupled (but equivalent) La- 
grangian densities for the present theory. Our Sec. 4 deals with the critical 
and crucial comments on the CF type restrictions. Finally, in Sec. 5, we 
summarize our key results and make some concluding remarks. 



2 Horizontality Condition 

Let us begin with the starting Lagrangian density of the Abelian 3-form field 
C - L ff^ vr l K TJ TJ - f) A - f) A _i_ f) A _r)4 (~\\ 

*—0 24 n iivr]Ki U-jjbvriK < -')j,-™-vr)K ^u-^-i^K^t ~r ^rf-^K^v < Jn- / *-{j,ur]i \^ J 

where the 4-form = dA® = (1/4!) (dx» A dx u A dx v A dx K )H livr , K defines 
the curvature tensor H^^n which is derived from the exterior derivative d = 
dx^d^ (d 2 = 0, p, v, r), ... = 0, 1, 2, D — 1) and the 3-form A^ that encodes 
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the totally antisymmetric tensor gauge connection A^ uv . It can be easily seen 
that, under the following local gauge symmetry transformations 5 g (with the 
local infinitesimal antisymmetric gauge parameter A M „ = —A Ufl ) 

bgA^vri = d^A. urj + <9„A W + dr/A^v, (2) 

the Lagrangian density and the curvature tensor remain invariant. 

Thus, the curvature tensor H^ UT1K , derived from the 4- form is a physical 
quantity (in some sense). One of the most intuitive approaches to quantize 
the p-form gauge theory is the BRST formalism where the local gauge sym- 
metry transformations (e.g. (2)) are traded with the proper (i.e. nilpotent 
and absolutely anticommuting) (anti-)BRST symmetry transformations. 

The above (anti-)BRST symmetries can be derived by exploiting the geo- 
metrical superfield formalism [5,6] where any arbitrary D- dimensional gauge 
theory is generalized onto the (D, 2)-dimensional supermanifold as [8]: 

d — > d = dZ M d M = dx" d„ + d9d e + d9 d 5 , — ► Z M = (x 1 *, 9, 6), 
-> A® = {dZM — dZ J — dZK) A MNK , d M = (d„ d e , dg). (3) 

Here the superspace variables Z M = (x M , 9, 9) are the generalization of the 
ordinary .D-dimensional coordinates x M that incorporate a pair of Grassman- 
nian variables 9 and 9, too, which satisfy 9 2 = 9 2 = 0, 99 + 99 = 0. In the 
horizontality condition (HC), we require the physical (geometrical) quantity 

#(4) 

to remain independent of the Grassmannian variables, namely; 

m = H& dA® = dA®. (4) 

This leads, automatically, to the derivation of the off-shell nilpotent {s 2 a ^ b = 
0) and absolutely anticommuting (sbS a b + s a bSb = 0) (anti-)BRST symme- 
try transformations (sr a )&) for the gauge field and corresponding (anti-)ghost 
fields of the theory which we discuss, in detail, in the following section. 



3 Proper (Anti-)BRST Symmetries 

It is clear from equation (4) that the r.h.s. of it contains only the spacetime 
differentials [i.e. gL4 (3) = (l/4!)(ofe M A dx v A dx v A dx K )H^ K }. However, 
the l.h.s. contains the spacetime differentials together with the Grassmann 
differentials. Thus, it is evident that the HC amounts to setting equal to zero 
the coefficient of all the differentials that contain Grassmannian variables. To 
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check the above statement, it is imperative to compute the l.h.s. explicitly. 
Towards this goal, it can be seen that the equation (3) implies [8] 

A (3) = — (dx^ A dx v A dx n ) A^ v + \{dx^ A dx v A d9)A flu9 

+ ^(dx> 1 A dx u A dd)A^ V Q + — (d9 A d9 A d9)A m + —Ad9 A dB A d9)A m 

_ _ i i _ _ 

+ (da^ Ad9 A d9)A^ s + -(cfe^ A d8 A dS)A ia0 + -{d9 Ad9 A dB) A eeS 
+^(dx' M Ad6 A dB)A^- e + - [d9 A dB A dB) A m . (5) 

Keeping in mind the nature of the superfields, we make the suitable identifica- 
tions: A^ uri = A^ urj (x,9,9), A^ u q = J- ^ u (x,9,9), A^ v g = J- Ull [x,9,9), A^gg = 

$n(x,9,0), ±Aggg = h(x,9,9), ±A SSS = F 2 {x,9,9), \ ~Aggg = F!(X,9,9), 

\Aggg = F x (x, 9, 9), \A^gg = 9, 9) and = (3^(x, 9,9) as the gener- 

alization of the D-dimensional local fields A^, C^ u , C^ u , M , C 2 , C 2 , C\, C±, (3^ 
fin of the (anti-)BRST invariant local D- dimensional ordinary theory onto the 
(D, 2)-dimensional supermanifold (within our superfield formalism). 

The super-expansions of the above superfields, along the Grassmannian 
directions of the (D, 2)-dimensional supermanifold are as follows [8]: 

A^ vv (x,9,9) = A^x) + 9 R^ vr) {x) + 9 R^x) + i 9 9 S^ uv (x), 
0^(x,9,9) = P,(x) + 9 f£\x) + 9 fW(x)+i9 9bn(x), 

= -^( x ) + 9ff\x) + 9ff\x)+i9 9b,{x), 

%(x,9,9) = ^( x ) + 9f£\x)+9ff\x) + i9 9b^(x), 

J>(M,0) = C^(x) + 9B$(x) + 9B$(x) + i9 9s^(x), 

F^(x,9,9) = C^(x) + 9B$(x) + 9B$(x) + i9 9s^(x), 

^(x,9,9) = d(x) + 9b^{x) +9b^\x) + i 9 9 Sl {x), 

h(x,9,9) = C 1 {x) + 9b < ?\x)+9b¥\x) + i9 9s l {x), 

P 2 {x,9,9) = C 2 {x) + 9b { 2 1 \x)+9b { 2 \x)+t9 9 s 2 {x), 

h(x,9,9) = C 2 (x) + 9b { 2 \x)+9b { 2 \x)+i9 9s 2 (x), (6) 

where A^ ur] is the gauge field, M is the vector bosonic field, [C^C^ are the 
pair of fermionic antisymmetric (anti-)ghost fields, are the bosonic 

ghost-for-ghost (anti-)ghost fields, {C 2 )C 2 and {C\)C\ are the Lorentz scalar 
fermionic (anti-)ghost fields. The above fields are required for the proof of 
unitarity in the theory. The rest of the fields, on the r.h.s. of equation (6), 
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are secondary fields that have to be determined in terms of the basic and 
auxiliary fields of the D- dimensional ordinary theory by exploiting the HC. 

Explicit computation of (4) and setting equal to zero all the coefficients 
of the Grassmannian differentials of the super 4-form of the l.h.s., leads to 

feW = 0) S2 = o, b ( 2 2) = 0, s 2 = 0, si = 0, si = 0, 

6^+^=0, &f> + &?> = (), f^ = d,C 2 , f^=d,C 2 , 

b, = -td,b { 2 2 \ bf = -id,bf\ B^=d^ u -d u ^, f^=d,c 2 , 



s 



+i(djT - dJW) = -*(3„/< 2 > - djW), b, = idj>, 



(1) 

Rfivr) d^Ci/rj ~\- dyC-q^i -\- d^C^y, Rpuvr\ d^Cy^ -\- dyC^^ ~~t~ d^C^y, 

S^r, = -i{d»B<£> + duB® + d v B$) 

= +i{d^ + d v B$ + d v B$), 4 2) + V? = 0. (7) 

In addition to the above results, we obtain the following Curci-Ferrari type 
restrictions from the HC illustrated in (4), namely; 



/f + jy ) = <V7i, + f® = dpCi, B$ + B$ = d ^ - d> 



which ensure the consistency of the three equivalences shown in (7). At 
this stage, a couple of remarks are in order. First, the above restrictions 
emerge from setting the specific coefficients of the 4-form differentials [e.g. 
[dx^ Add Add AdB\ {dx» Ad6 Ad6 Ad6) , (dx» Adx v Add Ad6)\ of the l.h.s. of the 
HC. Second, it is worth pointing out that the coefficients of the differentials 
(ofe M Adx u Adx v Adx^) from the l.h.s. and r.h.s. of the condition dA^ = dA^ 
match due to the precise form of R^, R^ and S^, quoted in (7). 

To make the notations cute and a bit simpler, we identify: b± = Bi, b^p = 

R hi 1 ) - R f(!) _ p f( 2 ) - P f( 3 ) - f f( 3 ) - f R( 2 ) - R rW _ 
ID 2 ,L>2 — J->,Jfl — r fj,, J n — r^jj/j, — J^, JfJ, — J^,JDi_u/ — JD p V , ID fj, v — 

B^y. As a consequence, the celebrated CF type restrictions become B^ u + 
= d^u ~ d v 4>p,fn + = d^CxJ^ + F M = <9 M Ci. Furhermore, the 
proper off-shell nilpotent and absolutely anticommuting (anti-)BRST sym- 
metry transformations that emerge from HC [cf. equation (4)] are [8,9] 

SabA^y^ d^C vr j -\- OyCrm d^C^y, SabC^y 9^(5y dy(3^ : 

Sabfifi = 9 fl C 2 , S a f,C 2 = 0, SafjB^y = 0, S ab C\ = —Bi, 

SabCl = —B 2 , S a bB = 0, S a bC 2 = B, S a b(3fi = Ffi, S a bF^ = 0, 

Sabffi = 0, SabF^ = —d^,B 2 , Sabf/i = —d^Bx, S a bB^ v = d^f u — duf/j,, 

SabC^v = B^ v , s ab Bi = 0, s ab B 2 = 0, s ah (j)^ = fn, (9) 
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s b C\ = B 1 , s b B 1 = 0, s b C 2 = B 2 , = Fp, s b F^ 

8b U = 0, s b F^ = -d^B, s b f^ = c^-Bi, s b B^ = d^fv 
SbCpiu = B^, s b B = 0, s b B 2 = 0, = ffj,. 



0, 

Ovf, 



(10) 



It is elementary to check that the above (anti-)BRST symmetry transforma- 
tions are off-shell nilpotent of order two (i.e. = 0). 

The above transformations have been obtained from the superfield for- 
malism without any knowledge of the (anti-)BRST invariant Lagrangian den- 
sity. This is due to the fact that the substitution of the results of (7) into 
(6) leads to the following super-expansion of the superfields in the language 
of the nilpotent (anti-)BRST symmetry transformations [8] 



AfJ v {x, 9, 9) = A^{x) + 9{s ab A fll/v (x)) + 9{s h A lwr ,{x)) + 99(s b s ab A lluv (x)), 

^\x,9,9) = P,(x) + 9(s ab (3^x)) + 9(s b f3,(x)) + 9 9(s b s ab f3 fl (x)), 

-(h) - - - - - - - 

/3 M {x,9,9) = (3^x) + 9 (s ab (3^x)) + 9 (s b (3 IM (x)) + 9 9 (s b s ab (3^x)), 

¥£\x,9,9) = ^(x) + 9(s^(x)) + 9(s b( j )lx (x)) + 9 9( 

jX$(x,e,6) = C^(x) + 9(s ab C^(x)) + 9(s b C^(x)) + 99(s b s ab C^(x)), 

-(h) - - - - - 

(x, 9, 9) = C^ u (x) + 9(s ab C flv (x)) + 9(s b C fJ , v (x)) + 99(s b s ab C fllt (x)), 

F[ h \x,9,9) = C 1 (x) + 9 (s ab d(x)) + 9 (s b C 1 (x)) + 9 9 (sbSahdix)), 

J^\x,6,0) = C 1 (x) + 9 (s ab C 1 (x)) + 9 (s b C 1 (x)) + 9 9 (shSabC^x)), 

?i h) (x,9,9) = C 2 (x) + 9(s ab C 2 (x)) + 9(s b C 2 (x)) + 9 9(s b s ab C 2 (x)), 

Ff{x,e,B) = C 2 (x) + 9 (s ab C 2 (x)) + 9 (s b C 2 (x)) + 9 9 (s b s ab C 2 (x)), (11) 



where the proper (anti-)BRST symmetry transformations are denoted by s/ a ^ b 
and the superscript (h), on the superfields, stands for the super-expansions 
of these superfields obtained after the application of HC (cf. (4)). 

Furthermore, it can be checked that the anticommutativity property (i.e. 
s b s ab + s ab s b = 0) of S( )6 on the following basic fields [8,9] 

{s b , s ab } A^ uv = 0, {s b , s ab } = 0, {s b , s ab } C^y = 0, (12) 

is true only when the Curci-Ferrari type restrictions (8) are satisfied. The 
property of the anticommutativity of the (anti-)BRST symmetry transfor- 
mations is trivially obeyed in the case of the rest of the fields of our present 
D- dimensional Abelian 3-form gauge theory. Finally, one can write down the 
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coupled [but equivalent] (anti-)BRST invariant Lagrangian densities for the 
above Abelian 3-form gauge theory as (see, e.g. [9] for details) 

£b = ^H^ vv ^H^ urj ^ + s b s a b(y-C2C2 — -C\C\ + -C^C^ 



- ^^--^--B^B^. (14) 

The first Lagrangian density Lb is trivially invariant under the BRST trans- 
formations Sb- On the other hand, the second Lagrangian density Cg is 
trivially invariant under the anti-BRST symmetry transformations s a b- One 
can check that, under s a b, the first Lagrangian density Lb transforms to a 
total derivative plus terms that are zero on the constrained surface defined 
by the CF type restrictions (8). Precisely, similar is the situation with the 
Lagrangian density Cg under the nilpotent BRST transformations Sb- 



4 Comments on CF type restrictions 

It is well-known that a gauge theory is always endowed with a local gauge 
symmetry that is generated by the first-class constraints in the language of 
Dirac's prescription for the classification scheme. Thus, the decisive feature 
of a gauge theory is the existence of first-class constraints on the theory. 
When any arbitrary p-form gauge theory is discussed, within the framework 
of the BRST formalism, the above local gauge symmetry is traded with 
the supersymmetric-type (anti-)BRST symmetries s^b which turn out to be 
nilpotent (s? = 0) of order two. Furthermore, the other sacrosanct feature 
of the latter symmetries is the absolute anticommutativity (i.e. SbS a b+s a bSb = 
0). The anticommutativity property is achieved only due to the presence of 
CF type restrictions. Thus, the clinching feature of any arbitrary p-form 
gauge theory, within the framework of BRST formalism, is the existence 
of the (anti-)BRST invariant CF type restrictions. For the Abelian 1-form 
gauge theory, the CF type restriction is trivial. However, it is non-trivial for 
all the rest of the gauge theories. Finally, the first-class constraints of the 
original gauge theory are encoded in the physicality criteria Qb\phys >= 
where Qb is the conserved and nilpotent BRST charge. This condition, in 
BRST formalism, enforces all the physical quantum states to be annihilated 
by the operator form of the first-class constraints of the original theory. 
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5 Conclusions 



In this presentation, it has been emphasized that the Bonora-Tonin's super- 
field approach [5,6] to BRST formalism always leads to the derivation of the 
proper (i.e. off-shell nilpotent and absolutely anticommuting) (anti-)BRST 
symmetry transformations for a given p-form gauge theory in any arbitrary 
.D-dimensions of spacetime. Furthermore, this geometrical superfield formal- 
ism [5,6] necessarily entails upon any arbitrary D-dimensional p-form gauge 
theory to be endowed with the (anti-)BRST invariant CF type restriction(s) 
which, ultimately, lead to the absolute anticommutativity of the (anti-)BRST 
symmetry transformations and the derivation of the coupled (but equivalent) 
Lagrangian densities. It turns out that the CF condition, for the simple case 
of Abelian U(l) 1-form gauge theory, is trivial. As a consequence, there is 
a single Lagrangian density for this theory that respects the (anti-)BRST 
symmetries together. This is not the case, however, for even the non- Abelian 
SU(N) 1-form gauge theory and all the rest of the (non-)Abelian higher p- 
form (p > 2) gauge theories in any arbitrary .D-dimensions of sapcetime. 
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